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Quantum-entangled light from localized emitters
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Localized radiation sources are analyzed with respect to the relation of nonclassicality and quantum entangle-
ment of the emitted light. The source field parts of the radiation emitted in different directions are closely related
to each other. As a consequence, nonclassicality of the light fields in one direction directly implies entanglement
of the field modes in different directions. This implication can be extended to multipartite-entanglement and
multi-time quantum correlations. Given that a nonclassical effect is observed, our approach explicitly yields the
multipartite entanglement witnesses. Two examples are considered, the fluorescence radiation of a system of
two-level atoms and of excitons in a semiconductor quantum well.
PACS numbers: 42.50.Ex, 03.67.Bg, 42.50.Ct, 03.67.Mn
I. INTRODUCTION
Nonclassical light fields possess features which cannot be
explained by Maxwell’s field theory. More precisely, a light
field is nonclassical if the P function of Glauber and Sudar-
shan [1, 2] cannot be interpreted as a classical probability
density [3, 4]. A special nonclassical phenomenon is quan-
tum entanglement [5], with quantum correlations between
separated subsystems. Entanglement is considered as one of
the major resources for the development of future quantum
technologies [6]. However, the relation of entanglement to
certain properties of the P function is yet unknown. Con-
sequently, the general relation between nonclassicality and
quantum entanglement is still an open problem of great in-
terest.
Two entangled radiation modes propagating in different
directions can be obtained by splitting a nonclassical input
field by a beam splitter [7–10]. Based on a unified quantifica-
tion of nonclassicality and entanglement, it has been shown
that a beam splitter even transforms a single-mode nonclas-
sical state of a given amount of nonclassicality into the same
amount of bipartite entanglement [11]. More generally, an
N splitter creates genuine multipartite entanglement of the
same amount as the nonclassicality of the single-mode in-
put state. Even without using a beam splitter, a sample of
noninteracting atoms was shown to emit entangled light in
different directions [12] if the light field in a single direction
has a sub-Poisson photon statistics.
Based on observable moments of photon annihilation and
creation operators of arbitrarily high orders [13, 14], the non-
classical properties of single-mode radiation fields can be
fully characterized [15]. Quantum entanglement can also be
characterized in terms of moments [16], for states with a neg-
ative partial transposition (NPT). This approach unifies a va-
riety of second-order [17, 18] and higher-order entanglement
criteria [19, 20]. Note that NPT entanglement is an impor-
tant class of quantum entanglement, which is useful for many
applications [21]. Based on the methods in [15, 16], the re-
lation between nonclassicality and entanglement conditions
has been discussed in some detail [22].
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The characterization by moments has also been general-
ized to genuine multipartite NPT entanglement [23]. On the
other hand, nonclassicality conditions have been introduced
which characterize general space-time-dependent nonclas-
sical correlation properties in terms of normal- and time-
ordered field correlation functions [24]. These conditions are
fundamental for the proper characterization of the nonclassi-
cality of radiation fields emitted by atomic sources. All the
moments and correlation functions needed in this context can
be observed by homodyne correlation measurements [25].
In this contribution we study the relation between the
nonclassicality of light emitted by a localized (small com-
pared with the emission wavelength) source and the quan-
tum entanglement of the fields observed in different direc-
tions. Based on the nonclassicality and entanglement criteria
in terms of moments, we prove that nonclassical emission in
a single direction implies NPT entanglement of the fields in
different directions. The extension to multipartite NPT en-
tanglement and even multitime quantum correlations is also
given. For any observed nonclassical effect, the correspond-
ing multipartite entanglement witnesses follow directly. We
will briefly consider the examples of the fluorescence of a
sample of N atoms and of excitons in a quantum well.
The paper is organized as follows. In Sec. II we reconsider
the known criteria for nonclassicality and NPT entanglement
in terms of field moments. The relation between nonclas-
sicality and entanglement conditions is analyzed in Sec. III
for a localized radiation source. In this context, both bipar-
tite and multipartite entanglement are studied and examples
of typical light sources are discussed. In Sec. IV we extend
the treatment to general space-time-dependent quantum cor-
relations of the light emitted by the sources under study. A
summary and some conclusions are given in Sec. V.
II. NONCLASSICALITY AND ENTANGLEMENT
CONDITIONS
Let us consider a light field ~ˆE(~r, t) emitted from an arbi-
trary light source and detected at space-time point ~r, t. The
extension of the source shall be small compared to the cen-
tral wavelength, so that retardation effects are included in t
and we omit the time arguments for single-time fields and
2expectation values in the following. The field consists of a
source field part ~ˆEs, the actual emission from the source, and
a free field part ~ˆEf. If a given function of field operators is
normally and time ordered [26], and the free fields are in the
vacuum state at the detector, the latter do not contribute to
the expectation value of the function of field operators.
The vector character of the fields is encoded within the
spatial modes. The detector measures the projection onto the
direction from the source to the detector, so we consider only
the modulus. Both free and source field operators split into
positive- and negative-frequency parts
Eˆf,s = Eˆ
(+)
f,s + Eˆ
(−)
f,s . (1)
With the above description, we may now formulate non-
classicality conditions for the fields according to [15, 24].
Consider an operator function hˆ expanded in terms of the
fields as
hˆ =
∞∑
n,ℓ=0
cn,ℓEˆ
(−)nEˆ(+)ℓ, (2)
with Eˆ(±) = Eˆ(±)f + Eˆ
(±)
s . Assuming that the expecta-
tion values of the moments of the fields exist, the expectation
value
〈hˆ†hˆ〉 = Tr{hˆ†hˆ ˆ̺} (3)
is non-negative for all quantum states ˆ̺. Nonclassicality is
verified if a normally ordered form fulfills the condition
〈: hˆ†hˆ :〉 = Tr{: hˆ†hˆ : ˆ̺} < 0. (4)
Herein : · · · : denotes normal ordering, i.e., the negative-
frequency operators are ordered to the left of the positive-
frequency operators [26]. This general condition yields an
infinite hierarchy of conditions for minors of the matrix of
normal-ordered field moments; compare [15]. If one of these
minors is negative, nonclassicality occurs. The other way
around, if all minors are positive, the state is classical. Note,
that the normal ordering of all correlations allows us to omit
the free fields in the calculations.
Now consider two emitted fields Eˆ1 and Eˆ2. Quantum
entanglement of the two fields occurs if the combined state
for both fields fails to be in a separable form [5]. A spe-
cific entanglement condition is the Peres-Horodecki crite-
rion [27, 28], which states that a separable quantum state
must remain a valid quantum state under partial transposi-
tion. On this basis, entanglement conditions have been for-
mulated in terms of moments [16]. Consider the operator
function fˆ of the fields,
fˆ =
∞∑
m,n,k,ℓ=0
cm,n,k,ℓEˆ
(−)m
2 Eˆ
(+)n
2 Eˆ
(−)k
1 Eˆ
(+)ℓ
1 (5)
with complex coefficients cm,n,k,ℓ. According to the Peres-
Horodecki criterion, a state ˆ̺ is entangled, if a partially trans-
posed form fulfills the condition
〈(fˆ †fˆ)PT〉 = Tr{(fˆ †fˆ)PT ˆ̺} < 0, (6)
where “PT” stands for partial transposition. The transposi-
tion acts solely on the field components with index “2” with
(Eˆ
(±)
2 )
T = Eˆ
(∓)∗
2 . Besides the phase factor, which is ir-
relevant for our discussion, transposition replaces the fields
by the adjoint ones. This approach resembles that for non-
classicality and it yields a corresponding hierarchy of condi-
tions for the minors of matrices of moments. If one of those
minors is negative, the state is called NPT entangled. Note
that also entanglement with positive partial transposition ex-
ists [21, 29–31]. Transposition does not automatically yield
a normally ordered structure, so free fields may be relevant.
However, if a combination of field operators is already nor-
mally ordered, its transposed form is also normally ordered,
as
[
Eˆ(−)nEˆ(+)k
]T
=
(
Eˆ(−)kEˆ(+)n
)∗
(7)
holds for all n, k ∈ N.
III. NONCLASSICALITY IMPLIES ENTANGLEMENT
We are interested in the quantum correlations of the fields
propagating from the same source in two different directions.
For this purpose we have to analyze the source field Eˆs. The
source field of a localized emitter can be written as
Eˆ(+)s = χ(~r)Sˆ, Eˆ
(−)
s = χ
∗(~r)Sˆ† (8)
where χ(~r) is the spatial mode function, while Sˆ and Sˆ† rep-
resent the source operators. For the derivation of Eq. (8) we
refer to the Appendix. We made use of the localization of the
source together with a small bandwidth of the emission spec-
trum compared with its central emission frequency [26]. For
two propagation directions (j = 1, 2), the difference of the
two spatial field modes is encoded solely in the mode func-
tions χj(~r). The operator structure is the same, as pointed
out in [12]. At this point the hierarchy structure of equations
for nonclassicality and entanglement becomes advantageous.
In every minor, which can be calculated, every summand has
the same number of field operators Eˆ(±)j and therefore the
same number of prefactors χj(~r). Therefore, if the moments
in (fˆ †fˆ)PT are normally ordered, we can extract the mode
functions as prefactors, and the entanglement hierarchy re-
duces to a hierarchy of normally ordered minors of the source
field operators Sˆ. Such NPT-entanglement conditions for the
light propagating in different directions from a single source
exactly correspond to the nonclassicality conditions in a sin-
gle propagation direction.
A. Bipartite entanglement
We need functions fˆ for two-mode fields, for which
(fˆ †fˆ)PT is normally ordered. For a general function fˆ as de-
fined in Eq. (5), fˆ †fˆ has eight different field operators with
different powers of positive- and negative-frequency parts.
However, normal ordering requires all negative-frequency
3operators to be on the left of all positive-frequency opera-
tors. Hence, no more than two different field operators can
be present in fˆ . Choosing m = k = 0 in Eq. (5), we obtain
fˆ =
∞∑
n,ℓ=0
cn,ℓEˆ
(+)n
2 Eˆ
(+)ℓ
1 (9)
fˆ †fˆ =
∞∑
n,n′,ℓ,ℓ′=0
c∗n′,ℓ′cn,ℓEˆ
(−)ℓ′
1 Eˆ
(−)n′
2 Eˆ
(+)n
2 Eˆ
(+)ℓ
1 (10)
(fˆ †fˆ)PT =
∞∑
n,n′,ℓ,ℓ′=0
c∗n,ℓ′cn′,ℓEˆ
(−)ℓ′
1
(
Eˆ
(−)n′
2 Eˆ
(+)n
2
)T
Eˆ
(+)ℓ
1
=
∞∑
n,n′,ℓ,ℓ′=0
c∗n,ℓ′cn′,ℓEˆ
(−)ℓ′
1
(
Eˆ
(−)n
2 Eˆ
(+)n′
2
)∗
Eˆ
(+)ℓ
1 .
(11)
The transposition leaves the operator structure normally or-
dered, as Eˆ(−)n
′
2 Eˆ
(+)n
2 is normally ordered. Hence, any
NPT-entanglement condition (6) based on fˆ in Eq. (9) corre-
sponds to a nonclassicality condition of the type in Eq. (4).
The function fˆ †fˆ includes positive- and negative-fre-
quency operators of the fields in two propagation directions,
Eˆ
(±)
1/2 , occurring in different powers and in normal ordering.
The corresponding nonclassicality conditions must also con-
tain negative and positive-frequency field operators. There-
fore, these conditions are given for the function
hˆ =
∞∑
n,ℓ=0
cn,ℓEˆ
(−)nEˆ(+)ℓ. (12)
This is identical to Eq. (2), which yields a complete charac-
terization of nonclassicality; cf. Eq. (4). Hence, we conclude
that, for any localized source of nonclassical light, the light
fields in different directions are NPT entangled.
Before we generalize this result to the multipartite case,
we want to stress the necessity of the locality condition. For
extended light sources, the quantum characteristics of the
fields propagating in different directions are different in gen-
eral. Therefore, nonclassicality observed in one direction is
irrelevant for the entanglement of fields observed in different
directions. Only for a localized source can the field oper-
ators in each propagation direction be related to the source
operators in a unique way; for details see the Appendix.
B. Multipartite entanglement
The extension of the bipartite NPT-entanglement criteria
to multimode fields was developed in [23]. The case of mul-
tipartite criteria based on second-order moments was studied
earlier [32]; for its experimental application, see [33]. Con-
sider a system of M spatial field modes in different propaga-
tion directions from the source, with positive frequency field
operators Eˆ(+)j , j = 1, . . . ,M . In this case the general func-
tion fˆ of the fields can be written as a product combination
of positive- and negative-frequency parts of all field modes,
fˆ =
∞∑
k,l=0
ckl
(
Eˆ
(−)
)k(
Eˆ
(+)
)l
, (13)
with
k =(k1, . . . , kM ), l = (l1, . . . , lM ), (14)
(
Eˆ
(−)
)k
=
M∏
j=1
(
Eˆ
(−)
j
)kj
. (15)
Now, the partial transposition of m field modes (0 < m <
M ) in fˆ †fˆ is performed. It reveals partial entanglement of
the subsystems of the m transposed and the (M − m) un-
transposed modes via a similar hierarchy of minors of mo-
ments as in the bipartite case. We choose k = 0 in Eq. (13).
Without loss of generality, we assume that the m field modes
to be transposed are ordered to the left of the M − m un-
transposed field modes in operator fˆ . In this way, the action
of partial transposition for any bipartite splitting yields a di-
rect generalization of the case of bipartite entanglement,
fˆ †fˆ =
∞∑
l′,l=0
c∗l′cl
(
Eˆ
(−)
)l′(
Eˆ
(+)
)l
, (16)
(fˆ †fˆ)PT =
∞∑
l′,l=0
c∗
l˜′
c˜
l
(
Eˆ
(−)
M
)l′M
· · ·
(
Eˆ
(−)
m+1
)l′m+1
×
[(
Eˆ(−)m
)l′m
· · ·
(
Eˆ(+)m
)lm]T
×
(
Eˆ
(+)
m+1
)lm+1
· · ·
(
Eˆ
(+)
M
)lM
=
∞∑
l′,l=0
c∗
l˜′
c˜
l
(
Eˆ
(−)
M
)l′M
· · ·
(
Eˆ
(−)
m+1
)l′m+1
×
(
Eˆ(−)∗m
)lm
· · ·
(
Eˆ(+)∗m
)l′m
×
(
Eˆ
(+)
m+1
)lm+1
· · ·
(
Eˆ
(+)
M
)lM
. (17)
The tilde on the multi-indices indicates the transposition of
the corresponding operators. The partial transposition is now
normally ordered, and for a single source field, the entan-
glement conditions lead to the corresponding nonclassicality
conditions, as in the bipartite scenario. A few things should
be noted. The partial entanglement in an M -mode system
requires at least an M th-order nonclassicality condition to
be fulfilled. In turn, the proof of higher-than-bipartite cases
in experiments also requires measuring these higher order
correlations [25, 34]. On the other hand, the choice of the
partition of the two subsystems is irrelevant for the argumen-
tation. Thus, our findings are general enough for us to con-
clude, that one fulfilled M th-order nonclassicality condition
verifies NPT-entanglement for any bipartite splitting of the
M fields propagating in M directions, and hence genuine
multipartite entanglement.
At this point it is worth noting that our theory not only
yields the strict relation between single-mode nonclassicality
4and quantum entanglement for the light sources under study.
In addition, we also provide the explicit form of the nonclas-
sicality and entanglement witnesses [6]. Let us assume one
has detected a particular nonclassical effect in a single prop-
agation direction. This effect is related to a nonclassicality
witness, by combining Eq. (2) for properly chosen coeffi-
cients with (4). The bipartite and multipartite entanglement
witnesses directly follow by combining Eq. (6) with (11) and
(17), respectively. Applying balanced homodyne correlation
measurements [25], this yields the full method for the verifi-
cation of the kinds of entanglement we are interested in.
C. Typical examples of light sources
Let us consider two examples to illustrate our theory. In
the first case, we analyze the resonance fluorescence of a
sample of N identical two-level atoms, each described by
ground and excited states |1〉(k) and |2〉(k), respectively, with
k = 1, . . . , N . The source field operator Eˆ(+) is given by the
sum of the atomic lowering operators Aˆ(k)12 = |1〉(k) (k)〈2|:
Eˆ(+) = χ(~r)
N∑
k=1
Aˆ
(k)
12 e
iφk , (18)
where φk is the individual phase of the kth atom, includ-
ing the laser phase, as well as the different positions of the
atoms with respect to each other. Keep in mind that we still
require a localized structure. Hence, we can assume that the
atoms emit in cooperative manner [35, 36]. For N <∞, the
light source is always nonclassical, as each atom is a single-
photon emitter, and hence only N photons can be emitted at
the same time. This is equivalent to the argument of photon
antibunching in single-atom fluorescence, and this nonclas-
sicality follows from the condition
hˆ = c0,0 + ck,N+1−kEˆ
(−)kEˆ(+)N+1−k, (19)
with k ∈ {1, . . . , N}. In : hˆ†hˆ :, the term
Eˆ(−)N+1Eˆ(+)N+1 is zero, resulting in a negative value for
the corresponding minor if 〈Eˆ(−)kEˆ(+)N+1−k〉 6= 0. The
corresponding entanglement function reads as
fˆ = c0,0 + ck,N+1−kEˆ
(+)k
2 Eˆ
(+)N+1−k
1 . (20)
Therefore the different field modes of a sample of atoms al-
ways show entanglement. In [12], it was already argued that
sub-Poisson light from such a source yields entanglement in
different directions. Now we can generalize this statement.
Independent of the number and configuration of the atoms,
there will always be a nonclassicality condition fulfilled and
thus quantum entanglement of the fields in different direc-
tions can be concluded to occur. For a moderate numberN of
atoms, Eq. (20) always gives a reasonable criterion to detect
entanglement. For example, in [12], we could even consider
the case of N = 1. However, for N ≫ 1, both nonclassi-
cality and entanglement may be difficult to detect. It should
therefore be noted that other, lower-order correlation func-
tions may also yield entanglement for certain regimes (e.g.
squeezing for lower intensities and bistability, see [37]).
The second system is the steady-state cooperative flu-
orescence of a sample of excitons in a GaAs quantum
well [38, 39]. The excitons can be described as one collec-
tive bosonic excitation Aˆ, with a Kerr-nonlinearity. How-
ever, as the material must first absorb photons to excite the
excitons, the source field is also scaled with the absorption
spectrum of the medium. The time-dependent fields become
a convolution between the exciton operators and the absorp-
tion spectrum. In [39], we developed an algorithm to de-
termine correlation functions of arbitrary field operators to
study the nonclassical properties of the quantum-well emis-
sion fields. For sufficiently low pump intensities the emis-
sion is squeezed, while for higher intensities we find sub-
Poisson photon statistics. Both nonclassical effects, squeez-
ing and sub-Poisson statistics, follow for the choices
hˆSq =c0,0 + c1,0Eˆ
(−) + c0,1Eˆ
(+) (21)
and
hˆsP =c0,0 + c1,1Eˆ
(−)Eˆ(+), (22)
respectively. Hence, the excitons emit quantum entangled
light fields in different directions.
IV. MULTI-TIME QUANTUM CORRELATIONS
Nonclassicality is not only described in terms of single-
time correlation functions. Photon antibunching, first
demonstrated in the resonance fluorescence of an atomic
beam [40], was based on the correlation between the field in-
tensities at different time points. For the study of multitime
nonclassicality of radiation fields, the theory of nonclassi-
cality was generalized in terms of normal- and time-ordered
correlation functions [24]. The main essence of this exten-
sion is the inclusion of time ordering in the structure, that is,
the negative-frequency operators are ordered with increasing
time arguments from left to right, and the positive-frequency
operators the other way around. As an example, consider the
intensity-intensity correlation for a stationary field
G(2)(τ) =〈 ◦◦ Iˆ(0)Iˆ(τ)
◦
◦ 〉
=〈Eˆ(−)(0)Eˆ(−)(τ)Eˆ(+)(τ)Eˆ(+)(0)〉.
(23)
Herein Iˆ is the intensity, we assumed τ ≥ 0, and ◦◦ · · · ◦◦ de-
notes time and normal ordering. If G(2)(τ) > G(2)(0), the
light is antibunched. The formulation of general space-time-
dependent nonclassicality criteria was based on the expan-
sion of operator functions hˆ into a power series of field op-
erators at different space-time points. As was the case in the
previous discussions, for any classical light field, 〈 ◦◦ hˆ†hˆ ◦◦ 〉
is positive semidefinite, and any negativity is a signature
of quantum correlation effects. The general structure of
〈 ◦◦ hˆ
†hˆ ◦◦ 〉 again leads to a hierarchy of inequalities for vari-
ous types of correlation functions.
At this point we can again use the fact that the transpo-
sition preserves the ordering of a time- and normal-ordered
5operator structure. Consider two fields propagating in differ-
ent directions and at different times. With the choice
fˆ =
∞∑
n,ℓ=0
cn,ℓEˆ
(+)n
2 (t+ τ)Eˆ
(+)ℓ
1 (t), (24)
with τ ≥ 0, the partial transposition is again well ordered.
Combining both multipartite and multi-time description is
also straightforward. For the function
fˆ =
(
Eˆ
(+)(t)
)k
=
M∏
j=1
(
Eˆ
(+)
j (tj)
)kj (25)
with tj ≤ tℓ for j > ℓ, the partial transposed form of the
overall operator structure is well ordered, and the argument
for omitting free fields persists. In this way, we obtain that
all nonclassical correlation conditions discussed in [24] cor-
respond to multipartite multitime NPT-entanglement condi-
tions for a pointlike light source. It has to be stressed that
timelike entanglement is a strongly debated topic and many
questions concerning detection and interpretation of this phe-
nomenon are still open [41–43]. Therefore, we avoid fur-
ther interpretation of this result; it just yields the extension
of multipartite entanglement to different times.
V. SUMMARY AND CONCLUSIONS
We have studied the relation between the nonclassicality
of light from a localized radiation source and quantum en-
tanglement of the fields emitted in different directions from
the source. For localized sources, the operator structure of
the fields propagating in different directions is uniquely re-
lated to the source operators. The only difference between
different directions is in the prefactors representing the spa-
tial modes. Therefore, an equivalence exists between the
nonclassicality and NPT-entanglement criteria formulated in
terms of radiation-field moments. From this equivalence it
follows that all sources of nonclassical light, which are lo-
calized in a region smaller than the wavelength, emit light
that is entangled in different directions. This conclusion is
not valid for extended sources, where the nonclassicality of
the light emitted in one direction does not imply quantum
entanglement between the light propagating in different di-
rections.
The equivalence between nonclassicality and entangle-
ment can be extended to multipartite entanglement. We
showed that a properly chosen nonclassicality condition of
the field in one direction can even identify genuine multi-
partite entanglement between the fields in various directions.
Furthermore, our method also provides the desired entan-
glement witnesses, which are based on established measure-
ment techniques. Two examples have been given to illustrate
our theory, the fluorescent emission of both an ensemble of
two-level atoms and of an exciton spot in a semiconductor
quantum well. Finally, our results can also be extended to
general multitime quantum correlations of light.
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APPENDIX: DERIVATION OF EQ. (8)
We follow the definitions of [26]. For a system of atomic
emitters at the different positions ~rn, the polarization is given
by
~ˆP (~r) =
∑
n
~ˆdnδ(~r − ~rn), (26)
with ~ˆdn being the dipole operator of emitter n. For a lo-
calized structure, the variation of the positions ~rn is very
small, so that they can be identified with the source posi-
tion, ~rn ≈ ~rs. Thus, we can take the δ function out of the
sum and obtain
~ˆP (~r) ≈ δ(~r − ~rs)
∑
n
~ˆdn = ~ˆCδ(~r − ~rs). (27)
In the Heisenberg-picture, the dipole operators become time
dependent, ~ˆC → ~ˆC(t).
The source-field annihilation operator aˆλ,s(t) for a single
mode λ is given by
aˆλ,s(t) =
ωλ
~
∫
dt′ θ(t− t′)
×
∫
d3~r′ ~Aλ(~r
′) · ~ˆP (~r′, t′) e−iωλ(t−t
′)
(28)
and the full positive-frequency source field follows as
~ˆE(+)s (~r, t) =
∑
λ
~Fλ(~r)aˆλ,s(t). (29)
Applying Eq. (27) in (28), the ~r′ integration can be solved.
In the small-bandwidth limit, where for different λ 6= λ′ we
have ∣∣∣∣ωλ − ωλ′ωλ
∣∣∣∣≪ 1, (30)
we can equate the frequencies with a characteristic source
frequency, ωλ = ωs. Furthermore, ~Aλ(~rs) ≈ ~As(~rs) is al-
most constant for all relevant modes λ. The overall source
field may then be split into parts as
~ˆE(+)s (~r, t) = ~χ(~r)Sˆ(t), (31)
~χ(~r) =
∑
λ
~Fλ(~r). (32)
The resulting source operator reads as
Sˆ(t) =
ωs
~
∫
dt′θ(t− t′)e−iωs(t−t
′) ~As(~rs) · ~ˆC(t
′). (33)
All time dependences are encoded in this operator, while the
spatial structure is encoded in ~χ(~r). Eventually, Eq. (8) fol-
lows from projection onto the propagation direction.
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